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COMBINATION OF AFFINE DEFORMATIONS ON A
HYPERBOLIC SURFACE
TAKAYUKI MASUDA
Abstract. This paper is a continuation of the previous paper of
the author[M]. We show that an affine deformation space of a
hyperbolic surface of type (g, b) can be parametrized by Margulis
invariants and affine twist parameters with a certain decomposition
of the surface, which are associated with the Fenchel-Nielsen coor-
dinates in Teichmuller theory. W.Goldman and G.Margulis[GM]
introduced that a translation part of an affine deformation canon-
ically corresponds to a tangent vector on the Teichmuller space.
By this correspondence, we explicitly represent tangent vectors on
the Teichmuller space from the perspective of Lorentzian geome-
try, only when the tangent vectors correspond to Fenchel-Nielsen
twists along separating geodesic curves on a hyperbolic surface.
1. Introduction
This paper is a continuation of the previous paper of the author[M].
Let G ⊂ PSL(2,R) ∼= SOo(2, 1) be a finitely generated Fuchsian group.
We suppose that G has only hyperbolic elements and a quotient hy-
perbolic surface H2/G has at least one hole. A cocycle u on G is a map
from G to (2+1)-dimensional Lorentzian spacetime R21, which satisfies
the cocycle condition. An affine deformation ρu of G is a homomor-
phism from G to SOo(2, 1)⋉ R21, defined by g 7→ (g,u(g)).
Following fundamental works by [DG1][CDG1][CDG2][CDG3], we
regard the first cohomology group H1(G,R21) as the affine deformation
space of G. They classify all proper affine deformations of H1(G,R21) for
some Fuchsian groups G. A Margulis invariant Maru is, by definition,
a map which sends each element of G to the translation length in R21.
The author’s previous work is related to any hyperbolic surface
S0,b(b ≥ 4) without cusps. By fixing the pants-decomposition of S0,b,
we show that the affine deformation space H1(G0,b,R
2
1) is parametrized
by Margulis invariants (corresponding to the original boundary com-
ponents and the dividing curves of the pants-decomposition) and the
Key words and phrases. Lorentzian geometry, affine deformation, Margulis in-
variant, once-holed torus, Fenchel-Nielsen twist.
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affine twist parameters (along the dividing curves). The aim of this
paper is to discuss such kind of coordinates for arbitrary hyperbolic
surface Sg,b with non empty boundary.
1.1. Affine deformations of Gg,b. In the previous paper [M], the au-
thor introduced the affine twist cocycle. We put a reference point(cocycle)
in H1(Gg,b,R
2
1). For any cocycle u on Gg,b, we can determine how much
u has the affine twist cocycles. We call the quantity an affine twist pa-
rameter.
Now we will parametrize H1(Gg,b,R
2
1); we decompose Sg,b into g han-
dles and (g+ b− 2) pairs of pants. (See Figure 3.) We notice that this
decomposition is associated with the Fenchel-Nielsen coordinates in
Teichmu¨ller theory.
Theorem 1.1. The affine deformation space H1(Gg,b,R
2
1) can be lin-
early parametrized by the Margulis invariants and the affine twist pa-
rameters with respect to the above decomposition under the assumption
that each set of generators of the once-holed tori does not have an angle
π/2. (Here the angles will be defined in §2. )
1.2. Infinitesimal deformation of Sg,b. In [GM], Goldman and Mar-
gulis discovered a certain relation between Margulis invariants and in-
finitesimal deformations of hyperbolic structures by using the iden-
tification between R21 and the Lie algebra sl2(R) of PSL(2,R). As
was shown in [M], the affine twist cocycles for the special loops are
recognized as infinitesimal deformations of Fenchel-Nielsen twist de-
formations of S0,b. Indeed, our affine twist cocycle satisfies the cosine
formula which is an analogous to Wolpert’s formula for Fenchel-Nielsen
twist (see [W]). Let ℓ : Gg,b → R be a (hyperbolic) translation length.
In this paper, we extend this recognition as follows:
Theorem 1.2. On a hyperbolic surface Sg,b, consider any geodesic loop
σ ∈ π1(S). Suppose that another geodesic loop h separates the S into
two surfaces whose interiors are disjoint. Let σ(t)(t ∈ R) be a defor-
mation of σ by ATh under the infinitesimal deformation of Goldman-
Margulis. (Here σ(0) = σ.) Let ℓσ(t) := ℓ(σ(t)). Then a rate of the
infinitesimal deformation of hyperbolic length ℓ(σ) = ℓσ(0) is
d ℓσ
dt
(t)
∣∣∣∣
t=0
= 2
∑
p∈h∩σ
cos (θσh)p,(1)
where (θσh)p is an angle at p ∈ Sg,b, which is defined in §2.
For non-separating loops on Sg,b, this result is still open.
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This paper is organized as follows: Basic notations and definitions
are introduced in §2. In order to consider the affine deformation space
of Sg,b, we treat affine deformations of its handles. Namely, we pa-
rametrize the affine deformation space of a once-holed sphere by the
Margulis invariants in §3. Then we prove Proposition 3.5. In next
section §4, Theorem 1.1 is shown, and an important problem is raised.
Finally, in §5, we calculate the correspondences of the infinitesimal
deformations of Goldman-Margulis. Namely, we prove Theorem 1.2.
Acknowledgment. The author thanks Professor Hideki Miyachi for
beneficial advices and many supports.
2. Setting
Here we introduce some basic notations and definitions.
2.1. Basic notations. Let Sg,b be a hyperbolic surface homeomorphic
to a compact orientable surface of genus g with b boundary components.
We denote by Gg,b the fundamental group of Sg,b, which is naturally
considered as a Fuchsian group associated with Sg,b. We always identify
a closed geodesic curve with an element of PSL(2,R) ∼= SOo(2, 1).
2.2. Lorentzian Geometry. A (2+1)-Lorentzian spacetime R21 is an
affine space whose associated inner product, called a Lorentzian inner
product, is defined by B([x1, x2, x3], [y1, y2, y3]) = x1y1+x2y2−x3y3 over
the canonical basis in R21. A set of future-pointing rays in the interior
of the upper part of the light cone (with respect to a certain reference
point in R21) is regarded as a Klein-Poincare hyperbolic disk model H
2
in R21, which is induced from the inner product B (see [CDG1] for
detail.).
The following definitions are introduced in [DG1, CDG1]. An affine
isometry group of R21 is isomorphic to the twisted product SO
o(2, 1)⋉
R
2
1. Every element η of this group is represented as a pair (h,u(h)) for
h ∈ SOo(2, 1) and u(h) ∈ R21. A hyperbolic element h has three distinct
real eigenvalues. We choose three normalized eigenvectors as follows:
(i) The future-pointing null vector X−h has the smallest eigenvalue
and the Euclidean norm is 1.
(ii) The future-pointing null vector X+h has the largest one, and the
Euclidean norm is 1.
(iii) The unit spacelike vector X0g has 1 as an eigenvalue and its
orientation is defined by det (X0h,X
−
h ,X
+
h ) > 0.
Note that the subspace 〈X−h ,X+h 〉R generated by X−h and X+h coincides
with the orthogonal complements (X0h)
⊥ of X0h. A transformation η
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is also called hyperbolic if the linear part h is hyperbolic. The set
{X0h,X−h ,X+h } is called a null frame of h (or η). The following lemma
is well known.
Lemma 2.1. Let h1, h2 be hyperbolic elements in SO
o(2, 1) whose unique
oriented invariant axes in H2 intersect. The angle θ between tangent
vectors of them at their intersection satisfies B(X0h1,X
0
h2
) = cos θ.
In a surface (resp. H2), let us denote by (θh2h1)p an angle between
two oriented geodesic loops (resp. unique invariant axes) h1, h2 at
their intersection p. The choice of the angle is the one, seen h2 (forget
its orientation) in the left-hand direction along the direction of the
orientation of the h1. Notice that the angle (θ
h2
h1
)p ∈ (0, π) ⊂ R. We
may omit the subscript for a point when the point is clear from context.
2.3. Affine deformations of a hyperbolic surface. A homomor-
phism ρ : Gg,b →֒ SOo(2, 1) ⋉ R21 is called an affine deformation if
ρ(h) = (h,u(h)) for all h ∈ Gg,b. The translation part is called a cocy-
cle u : Gg,b → R21. The cocycle satisfies a cocycle condition: u(h1h2) =
h1u(h2) + u(h1) for h1, h2 ∈ Gg,b. A coboundary δv is a cocycle which
forms δv(h) = v − hv ∈ (X0h)⊥ for some v ∈ R21. The coboundary δv
corresponds to a translation by v. Denote a space of cocycles (resp.
coboundaries) by Z1(Gg,b,R
2
1) (resp. B
1(Gg,b,R
2
1)). A quotient space
H1(Gg,b,R
2
1) := Z
1(Gg,b,R
2
1)/B
1(Gg,b,R
2
1) = {[u] | u ∈ Z1(Gg,b,R21)} is
regarded as the space of affine deformations of Gg,b.
2.4. Margulis invariant. If a hyperbolic element η = (h,u(h)) acts
freely on R21, it admits a unique invariant axis Cη. On Cη, η acts as
just a translation. The translation distance with respect to B is called
the Margulis invariantMaru(h). The Margulis invariant coincides with
B(η(x) − x,X0h) for any x ∈ R21(Refer to [Ma] for the details.). Then
the translation part of η is represented as:
u(h) = Maru(h)X
0
h + c
−X+h + c
+X+h ,(2)
for some real numbers c±. One of the properties is:
Lemma 2.2 ([DG2, CD]). Let u,u′ ∈ Z1(Gg,b,R21). Assume that
Maru(h) = Maru′(h) for all h ∈ Gg,b. Then [u] = [u′] holds.
3. Structures on once-holed torus
3.1. Hyperbolic geometry of once-holed torus. Let S1,1 be a hy-
perbolic surface homeomorphic to a once-holed torus. The fundamental
group G1,1 is isomorphic to a free group 〈w1, w2〉 of rank two, where w1
and w2 are simple closed curves corresponding to a longitude loop and
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a meridian loop in S1,1 respectively (see Figure 1). The actions by the
generators w1, w2 are illustrated in Figure 2.
w1
w2
Figure 1.
w1w2
Figure 2.
When we cut S1,1 along the loop w2, we can get a pair of pants with
g1, g2, g3 as the boundary components;
(3) g1 := [w1, w2], g2 := w2, g3 := w1w
−1
2 w
−1
1 ,
where [w1, w2] is a commutator of w1 and w2. On S1,1, the loop g1
equals to the unique boundary component and g2, g3 are same loop.
Let P denote a group generated by g1, g2 and g3. Note that w1 6∈ P .
We set their null frames as follows:
w1 ↔ {Y01,Y−1 ,Y+1 },
g1 ↔ {X01,X−1 ,X+1 },
g2 = w2 ↔ {X02,X−2 ,X+2 } = {Y02,Y−2 ,Y+2 },
g3 ↔ {X03,X−3 ,X+3 }.
3.2. Affine deformations of G1,1. The purpose of this part is to
represent cocycles on G1,1 by using the Margulis invariant of g1. At
first we check an arbitrary property of Margulis invariant of g1.
Lemma 3.1 (existence). Assume θw2w1 6= π/2. For any ζ1, ζ2, κ ∈
R, there exists a cocycle u on G1,1 such that, for some real numbers
d±1 , d
±
2 , c
±
3 ∈ R,
u(w1) = ζ1Y
0
1 + d
−
1Y
−
1 + d
+
1Y
+
1 ,
u(w2) = ζ2Y
0
2 + d
−
2Y
−
2 + d
+
2Y
+
2 ,
u(g1) = κX
0
1 + c
−
1X
−
1 + c
+
1X
+
1 .
If θw2w1 = π/2, an equation
(4)
κ
Kpi
2
= (1 + λ1)(−1 + λ2)ζ1 + (−1 + λ1)(1 + λ2)ζ2
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must be satisfied, where
(5) Kpi
2
:=
−2√
(−1 + λ2)2 + λ21(−1 + λ2)2 − 2λ1(1 + 6λ2 + λ22)
.
Here the λ1, λ2(> 0) are the smallest eigenvalues of w1 and w2 respec-
tively.
Proof. By the cocycle condition and a direct calculation,
u(g1) = (Id− g−13 )u(w1) + (w1 − g1)u(w2)(6)
holds for any cocycle u on the S1,1.
If u(w1) = ζ1Y
0
1 + aY
−
1 + bY
+
1 ,u(w2) = ζ2Y
0
2 + cY
−
2 + dY
+
2 , then
we obtain a representation of u(g1) by (6). An inner product with X
0
1
produces a Margulis invariant of g1.
Maru(g1) = ζ1B((Id− g−13 )Y01,X01) + ζ2B((w1 − g1)Y02,X01)
+aB((Id− g−13 )Y−1 ,X01) + bB((Id− g−13 )Y+1 ,X01)
+cB((w1 − g1)Y−2 ,X01) + dB((w1 − g1)Y+2 ,X01).
Claim. The following hold:
(i) Maru(g1) does not depend on a, b, c, d at all if θ
w2
w1
= π/2, namely
the coefficients of a, b, c, d are zero,
(ii) Maru(g1) does linearly on a, b, c, d, ζ1, ζ2 (otherwise).
Proof. By conjugation, we may set Y01 := [1, 0, 0],Y
±
1 :=
1√
2
[0,∓1, 1],
and also Y2 := [θ-rotation around z-axis of Y

1 ] where θ ∈ (0, π), and
 ∈ {0,+,−}. Their matrices can be represented as
w1 = [Y
0
1,Y
−
1 ,Y
+
1 ]


1
λ1
λ−11

 , w2 = [Y02,Y−2 ,Y+2 ]


1
λ2
λ−12

 .
We can find a constant K( 6= 0) ∈ R which depends only on the hyper-
bolic structure of S1,1 and satisfies:
(7)
Maru(g1)
K
= sin θ{(1 + λ1)(−1 + λ2)ζ1 + (1 + λ2)(−1 + λ1)ζ2}
−
√
2 cos θ{(−1 + λ2)(a− λ1b)− (−1 + λ1)(c− λ2d)}.
Note that the constant K is not zero regardless of hyperbolic structures
of the once-holed torus. Thus we can check our claim. 
In order to prove the lemma, we have only to find a solution (a, b, c, d)
of an equation κ = Maru(g1) for the given (ζ1, ζ2, κ) ∈ R3. However it
is easily checked. 
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From now on, we suppose that θw2w1 6= π/2. In order to show Proposi-
tion 3.5, we consider a normalization of the representation of cocycles
up to translation. At first, we prove two lemmas.
Lemma 3.2. For the cocycle u in Lemma 3.1, there exists the unique
vector v ∈ R21 such that
(u+ δv)(w1) = ζ1Y
0
1 + f
−
1 + f
+
1 ,
(u+ δv)(w2) = ζ2Y
0
2 + f
−
2 + 0,
(u+ δv)(g1) = κX
0
1 + 0+ 0,
where f±1 ∈ RY±1 , f−2 ∈ RY−2 and they depend on (ζ1, ζ2, κ, d−1 , d+1 , d−2 , d+2 ) ∈
R
6.
Proof. Explicitly, we set
v := sX01 +
(c−1X
−
1 + c
+
1X
+
1 )− g−11 (c−1X−1 + c+1X+1 )
(1− µ1)(1− µ−11 )
,
where (0 <)µ1 < µ
−1 are eigenvalues of g1 and s is the suitable real
number. We will show that this vector satisfies this lemma. It is easily
checked that (u+ δv)(g1) = κX
0
1.
We have only to show that δX0
1
(w2) has the direction of Y
+
2 . Then,
for the suitable number s, δv(w2) deletes the direction of Y
+
2 in the
representation of the cocycle of w2. In order to find the direction of
Y+2 in δX01(w2), we show that B(δX01(w2),Y
−
2 ) 6= 0 as follows:
B(δX0
1
(w2),Y
−
2 ) = B(X
0
1 − w2X01,Y−2 )
= (1− λ−12 )B(X01,Y−2 ).
Note that “1− λ−12 ” is not zero. Since X01 is the principal eigenvector
of w1w2w
−1
1 w
−1
2 , the null vectors X
+
1 and X
−
1 are near Y
+
1 and Y
+
2
respectively. So the null vector Y−2 is not contained the orthogonal
plane ofX01. Thus B(X
0
1,Y
−
2 ) 6= 0 holds. Therefore, B(δX01(w2),Y−2 ) 6=
0 as desired. 
Lemma 3.3. For the cocycle in Lemma 3.2, the vectors f±1 , f
−
2 do not
depend on c±1 , d
±
1 and d
±
2 for the fixed triple (ζ1, ζ2, κ).
Proof. From Lemma 6.1 in [CDG1], a triple (ζ1, ζ2, ζ3) ∈ R3 with ζ3 :=
Maru(w1w2) determines a cohomology class of u. Under the condition
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of the conjugation as in Lemma 3.1, the following also holds:
(8)
ζ3
K′
= −{(1 + λ1)(−1 + λ2) cot θ + (−1 + λ1)(1 + λ2) csc θ}ζ1
− {(−1 + λ1)(1 + λ2) cot θ + (1 + λ1)(−1 + λ2) csc θ}ζ2
−
√
2{(−1 + λ2)(a− λ1b)− (−1 + λ1)(c− λ2d)},
where the constant K′ also depends only on the hyperbolic structure
on S1,1, and K
′ 6= 0 even if θw2w1 = π/2. When two equations (7) and
(8) are combined to eliminate the four terms a, b, c, d, we can obtain
an equation between κ and ζ3 obviously with ζ1, ζ2 fixed:
(9)
κ
K
− cos θ · ζ3
K′
=
2(λ1λ2 − 1)
sin θ
· (ζ1 + ζ2).
Therefore κ determines ζ3 and vice versa. Thus the triple (ζ1, ζ2, κ)
determines a cohomology class of u.
Consider the cocycle in Lemma 3.2. The vectors f±1 , f
−
1 are noticed
not to depend on c±1 , d
±
1 and d
±
2 , since its cohomology class is already
determined. 
Here we denote the cocycle in Lemma 3.3 by uT . Namely, uT can
be written by
uT (w1) := ζ1Y
0
1 + f
−
1 (ζ1, ζ2, κ) + f
+
1 (ζ1, ζ2, κ),
uT (w2) := ζ2Y
0
2 + f
−
2 (ζ1, ζ2, κ) + 0,
uT (g1) := κX
0
1 + 0+ 0,
where f±1 (ζ1, ζ2, κ) ∈ RY±1 and f−2 (ζ1, ζ2, κ) ∈ RY−2 .
Definition 3.4. We define a map ΦT by
R
3 ∋ (ζ1, ζ2, κ) 7→ uT ∈ Z1(G1,1,R21).
Note that the Φt is a linear map. Namely, f
±
1 , f
−
2 : R
3 → R21 are
linear.
Proposition 3.5. For every triple (ζ1, ζ2, κ) ∈ R3, there exists a cocy-
cle u on G1,1 such that Maru(g1) = ζ1,Maru(w2) = ζ2,Maru(w1) = κ.
Furthermore this correspondence is extended to a linear isomorphism
from R3 to H1(G1,1,R
2
1). This result, however, does not hold in the case
where θw2w1 6= pi2 .
Proof. The map ΦT naturally induces a well-defined map
ΦT : R
3 ∋ (ζ1, ζ2, κ) 7→ [ΦT (ζ1, ζ2, κ)] ∈ H1(G1,1,R21).
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One can easily check that the map is a linear isomorphism; Indeed,
the injectivity of ΦT follows from Lemma 2.2. The surjectivity follows
from the equation (9) in Lemma 3.3, since it indicates the equivalence
between κ and ζ3. 
This Proposition 3.5 is for the special generator w1 and w2. In fact,
we will use this statement to prove Theorem 1.1. However, the same
discussion in the proof of Proposition 3.5 shows:
Corollary 3.6. For any generators ω1, ω2 of G1,1, a triple
(Maru(ω1),Maru(ω2),Maru([ω1, ω2])) ∈ R3
canonically determines a unique cocycle up to translation, if θω2ω1 6= π/2.
Proof. We consider ω1, ω2 as elements of PSL(2,R). Since they are
the generators of G1,1, their invariant axes in H
2 intersects. Further-
more the commutator [ω1, ω2] equals to g
±1
1 . Note that Maru(g1) =
Maru(g
−1
1 ). Therefore, this is the same condition with w1 and w2 up to
conjugation. So we can calculate the Margulis invariant of g1 (or g
−1
1 )
similarly. 
Remark 3.7. V.Charette, T.Drumm, and W.Goldman ([CDG3]) de-
scribe the classification of affine deformations of G1,1. Their discussion
is due to the sets of generators of G1,1. By considering the Margulis
invariants of all primitive elements in G1,1(that is, there exists no ele-
ment in G1,1 such that these two elements generate G1,1), they obtain
the classification of proper affine deformations of H1(G1,1,R
2
1). In this
paper, however, evaluating the Margulis invariant of the unique bound-
ary component is needed, since we need to glue boundaries. Note that
it is not a primitive element in G1,1. An equation for the Margulis
invariant for this element is introduced in [CG].
4. Coordinates of affine deformations for a hyperbolic
surface with type (g, b)
A goal of this section is to prove Theorem 1.1. Let Gg,b be a Fuchsian
group of the hyperbolic surface Sg,b. Assume that Sg,b has at least one
hole (b > 0) and no cusps. We will parametrize the affine deformation
space H1(Gg,b,R
2
1).
4.1. Decomposition. It is known that the dimension of H1(Gg,b,R
2
1)
is equal to 6g + 3b− 6.
We take a certain decomposition of Sg,b into (g + b − 2) pairs of
pants and g once-holed tori. Figure 3 illustrates this decomposition.
We denote the components by P1, P2, . . . , Pg+b−2 (the pairs of pants)
and T1, . . . , Tg (the once-holed tori) such that
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. . . .
b
#
##
g
Figure 3. The decomposition of Sg,b.
• Let P1, . . . , Pb−1 contain the original holes of Sg,b respectively.
• Furthermore Pb+j is originally attached by Tj , 0 ≤ j ≤ g − 2.
• Let Pi and Pi+1 share a unique simple closed curve on Sg,b,
1 ≤ i ≤ g + b− 3.
• Let Tg attach Pb+g−2 on Sg,b.
Set I := {1, . . . , b − 1}, J := {1, . . . , g} and K := {1, . . . , b + g − 3}.
We label principal loops in these surfaces as follows:
• The original boundaries : γ1, . . . , γb (γi ∈ π1(Pi), i ∈ I)
• The unique holes of Tj : g1, . . . , gb(gj ∈ π1(Tj ∩ Pb+j), j ∈ J)
• The boundaries of the pairs of pants except the above two kinds
of loops : f1, . . . , fb+g−3, (fk ∈ Pk ∩ Pk+1, k ∈ K)
• The longitude loop on Tj : wj1, (j ∈ J)
• The meridian loop on Tj : wj2, (j ∈ J)
We notice that the hyperbolic lengths of these loops and the twist-
ing parameters achieve the Fenchel-Nielsen coordinates of Sg,b in Te-
ichmu¨ller space on the surface of type (g, b). The dimension are also
6g + 3b− 6.
4.2. Combination. This part is due to the result in [M]. About the
case of the surface Sg,b −
∑
j∈J Tj (holed sphere), it is shown that all
cocycles are linearly parametrized (up to translation) by Margulis in-
variants of γi, gj, fk(i ∈ I, j ∈ J, k ∈ K) and affine twist parameters of
fk(k ∈ K). Here a discussion is to define affine twist cocycle and an
associated parameter, affine twist parameter on Sg,b.
First of all, consider a fourth-holed sphere S4 with fixed hyperbolic
structure. The fundamental group G4 is a free group of rank three,
which is represented by
〈g1, g2, g3, g4|g1g2g3g4 = id〉.
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Let Q1 := 〈g1, g2〉 and Q2 := 〈g3, g4〉 be subgroups in G4. Set f :=
g−12 g
−1
1 (note that f
−1 = g−14 g
−1
3 ), which corresponds to a dividing
curve in S4. Take a cocycle u
ξ ∈ Z1(Qξ,R21), (ξ = 1, 2), and assume
Maru1(f) = Maru2(f).
Definition 4.1 (Combination). A cocycle u1#fu
2 on G4 can be defined
as follows:
u1#fu
2(h) =


u1(h) (h ∈ Q1),
u2(h) + δtrans(h) (h ∈ Q2),
by cocycle condition (otherwise),
where a (fixed) vector trans is chosen to satisfy
(10) u2(f) + δtrans(f) = u
1(f).
We realize that this equation leave one dimensional ambiguity of
choice of trans ∈ R21. Therefore, considering this direction achieves an
concept of affine twist cocycle.
Definition 4.2 (Affine twist). A cocycle ATf on G4 defined as the
following manner was named an affine twist cocycle along f.
ATf(h) =


0 (h ∈ Q1),
X0f − hX0f (h ∈ Q2),
by cocycle condition (otherwise).
Lemma 4.3 ([M]). Cocycles u1#u2+τATf generate H
1(G4,R
4), where
τ ∈ R, and u1,u2 satisfy the assumption in Definition 4.1, with a co-
homology class of u1,u2 fixed.
This lemma induces the following claim under a certain normaliza-
tion.
Proposition 4.4. For any (α1, α2, α3, α4, β, τ) ∈ R6, there exists a
unique cocycle u up to translation such that
Maru(gi) = αi(i = 1, 2, 3, 4)
Maru(f) = β
AfTu(f) = τ,
where AfT denotes a coefficient of ATf in u.(to consider this coeffi-
cient, we need a normalization.)
The cases of S0,b(b ≥ 4) are discussed similarly.
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4.3. Proof of Theorem 1.1. Consider a hyperbolic surface S1,b. Let
g1 be a simple closed curve on S1,b, which is divided by g1 into S1 :=
S0,b+1 and S2 := S1,1. We use the notation in §3, that is, let G1,1 =
〈w1, w2〉 be a fundamental group with S2 = H2/G1,1.
Then we can consider combinations of cocycles and affine twists on
S1,b without the case θ
w2
w1
= π/2.
Definition 4.5 (Combination). Let uξ be a cocycle on Sξ, ξ = 1, 2.
Assume that Maru1(g1) = Maru2(g1). A cocycle u
1#u2 on G1,b is de-
fined similarly as Definition 4.1.
Definition 4.6 (Affine twist). A cocycle ATg1 on G1,b is defined sim-
ilarly as Definition 4.2.
Here we mention a remark about the translation “trans′′.
Remark 4.7. Suppose that u(g1) = α1X
0
1+ c
−
1X
−
1 + c
+
1X
+
1 are already
determined. Let µ1 be the smallest eigenvalue of g1. We choose the
vector
trans :=
(c−1X
−
1 + c
+
1X
+
1 )− g−11 (c−1X−1 + c+1X+1 )
(1− µ1)(1− µ−11 )
.
Then this vector meets the equation (10).
For cocycles u1#g1u
2 + τATg1(τ ∈ R) under the assumption in def-
inition 4.5 and 4.6, we have a bijection.
H1(π1(S1),R
2
1)× H1(π1(S2),R21)× R → H1(π1(S),R21)
([u1], [u2], τ) 7→ [u1#g1u2 + τATg1]
In this map, we choose the representative elements uξ of [uξ](ξ = 1, 2)
respectively.
Proof of Theorem 1.1. We find a cocycle such that
Maru(γ
i) = αi,Maru(g
j) = κj,Maru(fk) = βk,
Maru(w
j
1) = ζ
j
1,Maru(w
j
2) = ζ
j
2,
AfTu(g
j) = τ j ,AfTu(fk) = ǫk
where i ∈ I, j ∈ J, k ∈ K.
We cut Sg,b cut into S0,b+g ∪
∑
j∈J T
j like as Figure 3.
(i) On S0,b+g, following [M], we define a cocycle u
0 linearly by using
(αi, κj, βk, ǫk), i ∈ I, j ∈ J, k ∈ K.
(ii) On T j, we define a cocycle uj linearly by using (κj, ζj1 , ζ
j
2), j ∈ J.
A method is, for example, to use the representation of Propo-
sition 3.5.
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(iii) Finally we define a cocycle u depended linearly on all values
inductively. We set
w1 := u
0#g1u
1 + τ 1ATg1
For j ∈ J, we define wj := wj−1#gjuj + τ jATgj . A desired
cocycle u is just wg.
It is trivial that this construction gives a canonical linear isomor-
phism between R6g+3b−6 and H1(Gg,b,R21) under translation equiva-
lence. 
Remark 4.8. We can parametrize the affine deformation space H1(Gg,b,R
2
1)
even if a handle T j of Sg,b satisfies θ
w
j
2
w
j
1
= π/2. We take a set of gen-
erator ω1 and ω2 of π1(T
j) with θω2ω1 6= π/2. By Corollary 3.6, we have
only to consider ω1 and ω2 instead of w1 and w2.
4.4. Gluing Margulis spacetimes. We define a gluing of surfaces.
Let S1, S2 be hyperbolic surfaces with holes but no cusps. Suppose that
S1 and S2 have a boundary component which is same length. Then let
S1#S2 be a new hyperbolic surface glued along the boundary with an
appropriate twisting parameter. An affirmative answer to the following
problem provides us the properness of affine deformations.
Problem 4.9. Let M(S) and M(R) be Margulis spacetimes, whose
underling hyperbolic surfaces are S and R respectively. Suppose that
these hyperbolic surfaces have same boundary component ∂. Let S#∂R
be a new hyperbolic surface, which are glued by S and R along ∂. Then
M(S)#τAT∂M(R) is a Margulis spacetimes for some τ = AfTu(∂) ∈ R,
which has S#∂R as its underlying hyperbolic space.
5. Deformation of hyperbolic structures along affine
twist cocycle
In this section, we show Theorem 1.2.
Proof. Let S = S1 ∪ S2 be a hyperbolic surface where S1 and S2 are
glued along a loop h. Let their fundamental groups denoted by Σ1,Σ2
respectively. From the lemma of Goldman-Margulis [GM], we have
d ℓσ
dt
(t)
∣∣∣∣
t=0
= 2MarATh(σ),
where ℓσ(t) := ℓ(σ(t)), and σ(t) is the deformation of the hyperbolic
structure of σ with respect to ATh. Thus we have only to calculate
the Margulis invariants for the affine twist cocycle in order to prove
14 TAKAYUKI MASUDA
Theorem 1.2. We easily notice that every σ ∈ Σξ satisfy MarATh(σ) =
0(ξ = 1, 2).
In [M], the author observes that, for the simplest loop on S which
passes both S1 and S2, the equation (1) is shown to hold. Indeed, the
following lemma is proved by the same idea. However, for completeness,
we shall give a proof.
Lemma 5.1. Take any loop σ, σ′in π1(S),
σ = σ11σ
2
1σ
1
2σ
2
2 · · ·σ1nσ2n, σ′ = σ11σ21σ12σ22 · · ·σ1n,
where the loop σξk is in Σξ (1 ≤ k ≤ n). Then an equation
MarATh(σ) =
n∑
j=1
cos (θσh)pj +
n∑
j=1
cos (θσh)qj
holds, where points pj, qj are intersections of σ, h on S such that a
tangent vector at pj along h orients a side of S2, and qj is otherwise.
Proof. We calculate the cocycle condition of the affine twist cocycle on
the case of σ.
ATh(σ) =
n∑
i=1
σ11 · · ·σ2i−1ATh(σ1i ) +
n∑
j=1
σ11 · · ·σ1jATh(σ2j )
=
n∑
j=1
σ11 · · ·σ1jATh(σ2j ).
Next we calculate the Margulis invariant. Set Y0 := Y0h.
MarATh(σ) = B(X
0
σ,
n∑
j=1
σ11 · · ·σ1jATh(σ2j ))
=
n∑
j=1
B(X0σ, σ
1
1 · · ·σ1jATh(σ2j ))
=
n∑
j=1
B((σ11 · · ·σ1j )−1X0σ,ATh(σ2j )). · · · (⋆)
We note that φX0σ = X
0
φσφ−1
for every φ ∈ SOo(2, 1). So we have
(⋆) =
n∑
j=1
B(X0σ2jσ1j+1σ2j+1···σ2nσ11 ···σ1j ,ATh(σ
2
j )).
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Then, by ATh(σ
2
j ) = Y
0− σ2jY0, the Margulis invariant MarATh(σ) is
equal to:
n∑
j=1
B(X0σ2jσ1j+1σ2j+1···σ2nσ11 ···σ1j ,Y
0)−
n∑
j=1
B(X0σ1j+1σ2j+1···σ2nσ11 ···σ1jσ2j ,Y
0).
Consider the first terms B(X0
σ2jσ
1
j+1σ
2
j+1···σ2nσ11 ···σ1j
,Y0). We find these
two unit vectors to satisfy Lemma 2.1, since, in H2, σ2j · · ·σ1j acts onto
the a side of S2 from S1. Therefore we can put as cos (θ
σ
h)pj the value
of this inner product.
We check the second terms. Notice that a loop σ1j+1 · · ·σ2j goes to
S1 from S2. So we can denote its intersection with h by qj . The angle
(θσh)qj at qj satisfies
B(X0σ1j+1···σ2j ,Y
0) = cos (π − (θσh)qj) = − cos (θσh)qj .
So, MarATh(σ) =
∑n
j=1 cos (θ
σ
h)pj +
∑n
j=1 cos (θ
σ
h)qj holds. The proof of
the other case for σ′ is same. 
Note that words which start from an element of Σ2 also satisfy the
equation (1). Thus we obtain the equation (1) for any loop in π1(S). 
From Theorem 1.2 and the cosine formula by Wolpert[W], we can
identify ATh with the tangent vector on the Teichmu¨ller space of Sg,b
corresponding to a Fenchel-Nielsen twist along the separating loop h.
In general, Fenchel-Nielsen twists are along some geodesic loops on Sg,b,
which are pairwise disjoint.
Corollary 5.2. For a linear sum of some affine twist cocycles whose
associated simple closed curves are pairwise disjoint, the cosine formula
in Theorem 1.2 holds if every associated curve is a separating curve.
Namely, for a cocycle at :=
s∑
k=1
τkAThk and any geodesic loop σ in
Sg,b,
(11)
d ℓσ
dt
(t)
∣∣∣∣
t=0
= 2
s∑
k=1
{τk
∑
pk∈hk∩σ
cos (θσhk)pk}
holds, where h1, . . . , hs are separating curves satisfying the assumption
of this corollary.
Proof. This corollary is proved by linearity of the Lorentzian inner
product B. 
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We can also identify the sum at of the affine twist cocycles with a
tangent vector (on Teichmu¨ller space) corresponding to the Fenchel-
Nielsen twists along h1, . . . hs.
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